We extend the Maurey-Rosenthal theorem on integral domination and factorization of p-concave operators from a p-convex Banach function space through L p -spaces for the case of operators on abstract p-convex Banach lattices satisfying some essential lattice requirements -mainly order density of its order continuous part -that are shown to be necessary. We prove that these geometric properties can be characterized by means of an integral inequality giving a domination of the pointwise evaluation of the operator for a suitable weight also in the case of abstract Banach lattices. We obtain in this way what in a sense can be considered the most general factorization theorem of operators through L p -spaces. In order to do this, we prove a new representation theorem for abstract p-convex Banach lattices with the Fatou property as spaces of p-integrable functions with respect to a vector measure. MSC: Primary 46G10; secondary 46E30; 46B42
Introduction
The so called Maurey-Rosenthal theorem on domination and factorization of operators through L p -spaces provides a large set of tools for the analysis of operators on Banach spaces. Essentially, this result provides, for a Banach lattice F of a particular class, an equivalence between the p-concavity of a Banach space valued operator T : F → E and the fact that it satisfies a pointwise integral inequality involving the norms of the evaluations T(x) , x ∈ F. In recent years, this (family of ) theorem(s) has been studied widely by several authors, and nowadays we have a clear methodology for giving a unified version of this technique. Following the seminal ideas in [] that allowed the understanding by means of the basic principle of a lot of similar arguments found in the mathematical literature since the sixties, several generalizations and applications have been done (see, for instance, [-]). The version of this theorem that is normally used depends strongly on two facts that are deeply connected with the essential nature of the Banach function spaces. In this paper we show a general version of the Maurey-Rosenthal theorem that is obtained by relaxing these requirements as much as possible. In order to do this, we provide a function space representation of a class of Banach lattices satisfying the necessary requirements, which allows to perform the tandem 'Banach lattices/order notions' versus 'function spaces/vector measures' to provide the support for the factorization through an L p -space. Therefore, the key of the arguments that prove this type of factorization is in fact the structure of the space from which the operator is defined. This is the reason why our main tool is given by the representation of Banach lattices by means of spaces L p (m) and L p w (m) of p-integrable functions with respect to a vector measure on a δ-ring. This allows, for instance, to prove factorization theorems through p ( )-spaces of an uncountable set .
From the point of view of the general representation of Banach lattices as function spaces, the main goal of this paper is to get a representation theorem for p-convex Banach lattices with the (σ -)Fatou property as general as possible by using vector measures defined on a δ-ring to complete the picture when the existence of a weak unit is not assumed. Section  is devoted to this. This becomes the main tool for proving, in Section , our general Maurey-Rosenthal theorem, closing in this way the question of how far this kind of arguments can be extended: examples and counterexamples are also given.
Preliminaries
As the reader will notice soon, the setting that is needed for proving the main result of this paper (Theorem ) and allows to prove the most general version of the Maurey-Rosenthal theorem (Corollary ) is unusually technical and contains some notions and arguments that are not standard in the framework of the Banach lattices. This is the reason why we include a long section of preliminaries collecting all the results that are needed.
Banach lattices
We mainly use the terminology and the notation of [] and [] . Let F be a real Banach lattice. An idealF of F is a closed subspace of F satisfying that if y ∈ F with |y| ≤ |x| for some x ∈F, then y ∈F. An idealF in F is said to be order dense in F if, for every  ≤ x ∈ F, there exists an upwards directed system (x τ ) ⊂F such that  ≤ x τ ↑ x, and is said to be super order dense if this condition holds for increasing sequences. We say that F is order continuous if, for every (x τ ) ⊂ F with x τ ↓ , it follows that x τ ↓  and F is σ -order continuous if this is the behavior on sequences. We denote by F an the order continuous part of F, that is, the largest order continuous ideal in F. Similarly, the σ -order continuous part of F is the largest σ -order continuous ideal in F and is denoted by F a . Of course F an ⊂ F a . We say that F has the Fatou property if, for every upwards directed system  ≤ x τ ↑ in F such that sup x τ < ∞, it follows that there exists x = sup x τ in F and, moreover, x = sup x τ . If this condition holds for increasing sequences, we say that F has the σ -Fatou property. Remark that under these conditions, F an = F a (see, for instance, [, Theorems ., .]).
Let  ≤ p < ∞. We say that F is p-convex if there exists a constant M >  such that 
Integration with respect to vector measures on δ-rings
The spaces L  (ν) and L  w (ν) of integrable and weakly integrable functions with respect to a vector measure defined on a σ -algebra and with values in a Banach space E have been studied in depth by many authors and their behavior is now well understood (see [] , [, Chapter ] and the references therein). However, this setting is not rich enough for our analysis, since vector measures on σ -algebras can only be used for representing Banach lattices which have a weak unit, and our needs require to work in a more general context. , where the general case  < p < ∞ is also considered (although for  < p <  these spaces are not necessarily Banach spaces, completeness is proved, but under a quasinorm, and the analogous definitions for Banach lattices are considered).
The theory of integration with respect to a vector measure defined on a δ-ring is due to Lewis [] ). This integration theory extends the classical one for vector measures defined on σ -algebras. Let R be a δ-ring of subsets of an abstract set , that is, a ring closed under countable intersections. We denote by R loc the σ -algebra given by the subsets A ⊂ such that A ∩ B ∈ R for all B ∈ R.
Clearly, if R is a σ -algebra, then R loc = R. We write M(R loc ) for the space of measurable real functions on ( , R loc ) and S(R) for the space of simple functions with support in R (or R-simple functions).
Let λ : R → R be a countably additive measure, that is, for every sequence (A n ) of pairwise disjoint sets in R with A n in R, the sum λ(A n ) converges to λ( A n ). The variation of λ is the countably additive measure |λ| :
We have that |λ|(A) < ∞ for every A ∈ R. The space L  (λ) of integrable functions with respect to λ is defined as the space L  (|λ|) with the usual norm. Every R-simple func-
, where the integral of ϕ with respect to λ is defined by
the integral of f with respect to λ is defined, as usual, as f dλ = lim ϕ n dλ for any se-
Let E be a Banach space and let ν : R → E be a vector measure, that is, for every sequence (A n ) of pairwise disjoint sets in R with A n ∈ R, the sum
where |x * ν| is the variation of the mea-
* , E * denotes the topological dual of E and B E * the unit ball of E * . The semivariation of ν is monotone increasing, countably subadditive, finite on R and satisfies
A ∈ R loc . Thus, the vector measure ν is bounded (i.e., its range is a bounded set in E) if
all B ∈ R ∩  A and a property holds ν-almost everywhere (briefly, ν-a.e.) if it holds as usual
for all x * ∈ E * , or equivalently, if f ν < ∞, where
We denote by L  w (ν) the space of all weakly integrable functions with respect to ν, where functions which are equal ν-a.e. are identified, which is a Banach space when endowed with the norm 
We denote by [L  (ν)] σ -F the minimal B.f.s. related to ν, with the σ -Fatou property and containing L  (ν). It can be described as
The integration operator I ν : L  (ν) → E given by I ν (f ) = f dν is linear and continuous 
Representing p-convex Banach lattices
Representation of Banach lattices as spaces of integrable functions with respect to a vector measure is nowadays a well-known useful technique. Depending on the fact that either the lattice contains a weak unit or not, either vector measures on σ -algebras or on δ-rings must be used. Curbera proved in [, Theorem ] that an order continuous Banach lattice F with a weak unit is always order isometric to a space L  (ν), where ν is defined on a σ -algebra.
If the existence of a weak unit is not assumed, the result remains true but for ν defined on a δ-ring. This was first stated in [, pp.-] with an outlined proof and later in [, Theorem ] with a full detailed proof. Thinking now about the space L  w (ν), Curbera and Ricker showed in [, Theorem .] that every Banach lattice F with the σ -Fatou property, having a weak unit which belongs to the σ -order continuous part F a of F, is order isometric to a space L  w (ν) with ν defined on a σ -algebra. Again, the corresponding result in the case when F has not a weak unit can be established by using a vector measure defined on a δ-ring as Delgado and Juan proved in [, Theorem ]. In this case, every Banach lattice F with the Fatou property, and such that its σ -order continuous part is an order dense subset in F, can be represented as a space L Similar results are known for representing Banach lattices with convexity properties, and in this case, the spaces of p-integrable functions with respect to vector measures play a fundamental role. For  < p < ∞, if F is an order continuous p-convex Banach lattice, then F is order isomorphic to an L p -space with ν defined on a δ-ring [, Theorem ].
When there exists also a weak unit in F, the Banach lattice can be represented with an L p -space but with ν defined on a σ -algebra (see [, Proposition .]). On the other hand, if E is a p-convex Banach lattice with the σ -Fatou property and has a weak unit belonging to E a , then E is order isomorphic to a space L p w (ν) with ν on a σ -algebra [] . The aim of this section is to get a representation theorem for p-convex Banach lattices with the (σ -)Fatou property as general as possible by using vector measures defined on a δ-ring to complete the picture when the existence of a weak unit is not assumed. The starting point to prove this result is the corresponding representation theorem for the case p = . In the proof of this theorem, the vector measure which allows to establish the order isometry has a special behavior (the so-called R-decomposability), under which the space L A vector measure ν is said to be R-decomposable if we can write = ( α∈ α ) ∪ N , where N ∈ R loc is a ν-null set and { α : α ∈ } is a family of pairwise disjoint sets in R satisfying that (i) if A α ∈ R ∩  α for all α ∈ , then α∈ A α ∈ R loc , and
(N can be taken to be disjoint with α∈ α ). Note that each p-convex Banach lattice F can be renormed equivalently in a way that F with the new norm and the same order is a p-convex Banach lattice with p-convexity constant equal to  (see [, Proposition .d.]). We claim now that L
Theorem  Let p >  and let F be a p-convex Banach lattice with p-convexity constant equal to , having the Fatou property and such that its σ -order continuous part F a is an order dense subset. Then there exists a vector measure ν on a δ-ring and with values in
, there exists an up-
. Since for each τ we have that f τ ≤ h ν  -a.e. or, equivalently, ν  -a.e., then f ≤ h and so f ∈ L /p w (ν  ). On the other hand, f τ ≤ f ν  -a.e. (i.e., ν  -a.e.) for all τ and thus h ≤ f . Therefore,
w (ν  ) with equal norms. The converse inclusion can be proved by using the same arguments. Therefore, the equality L Remark  A proof based on similar arguments to those in the previous theorem allows us to represent p-convex Banach lattices (with p-convexity constant equal to ) having the σ -Fatou property and such that E a is super order dense in E. In this case, E is order isometric to [L p (ν)] σ -F for some vector measure ν defined on a δ-ring. This result generalizes [,
Theorem ] where E has a weak unit in E a . Remark that our proof differs from the one given in [, Theorem ].
The Maurey-Rosenthal theorem for abstract Banach lattices
In this section we prove the main result of this paper. As we said in the introduction, our aim is to explore the limits of the arguments that allow to prove the factorization theorem regarding the structure of the Banach lattice where the operator is defined. We say that an operator T : G → E from a closed subspace G of a Banach lattice F with F an ⊂ G ⊂ F on a Banach space E is Fatou if it satisfies that for every upwards directed system  ≤ x τ ↑ x, with x τ ∈ F an for every τ and x ∈ G, we have that lim τ T(x τ ) = T(x) . Continuous operators between two Banach lattices F andF, when restricted to G = 
() There are a scalar measure η :
such that the following diagram commutes: A standard separation procedure gives the existence of a positive element
, it is enough to apply Ky-Fan's lemma to the concave family of convex continuous functions ψ : Let us show now that we can identify φ  with a measure on the measurable space ( , R loc ). Since the space L  (ν) is order continuous and ν is positive, the inequalities
give easily that the set function η : R → R + defined by η(A) = φ  (χ A ) is countably additive, and so it defines a measure with the domain in the semi-ring R. Using the Carathéodory extension procedure (see, for instance, Section . in []), we get that η can be extended to the σ -algebra of measurable sets with respect to the outer measure defined by η * .
So, we only need to show the following claim: each set in R loc is η-measurable. To see that, we have to prove that for a set holds also for  ≤ f ∈ Y . Again, a standard argument -decomposing a general f ∈ Y as The implication () → () can be proved just by considering the following inequalities:
, which hold for every finite family (f i ) 
